In this work we discuss the existence of nonconstant periodic solutions for nonautonomous singular second order differential equations in the presence of impulses. Our approach is variational.
Introduction
This paper is devoted to the study of the existence of nonconstant periodic solutions for non-autonomous singular second order differential equations, where f is a singular negative function and u (t j ) = u (t + j ) -u (t -j ), with u (t ± j ) = lim t→t ± j u (t); t j for j = , , . . . , p -, are the instants where the impulses occur with  = t  < t  < · · · < t p- < t p = T, t j+p = t j + T. The functions I j : R → R; j = , , . . . , p -, are continuous and represent the jump discontinuities of u at the impulse moments, and I j+p ≡ I j . Applications of impulsive differential equations with or without delays occur in medicine, population dynamics, and chaos theory; see [, ] . For the general aspects of impulsive differential equations, we refer the reader to the classical monographs [, ] . Due to its significance, a great deal of work has been done in the theory of impulsive differential equations; see for example [-] . It was pointed out in [] that singular differential equations of the form (.) appear in the description of many phenomena in the applied sciences, such as nonlinear elasticity. Singular problems without impulse effects have been investigated extensively in the literature (see [, -] and the references therein). Some classical tools have been used to study such problems. These classical techniques include the coincidence degree theory of Mawhin T  e(t) dt < , the aim of this paper is to prove a new existence result on a weak nonconstant T-periodic solutions generated by impulses (.) for the singular equation (.). Here, we say that a solution is generated by impulses if this solution exists when I j = , for some  < j < p -, and if it disappears when I j ≡  for all  < j < p -.
The paper is organized as follows. Section  contains the basic preliminaries. An existence result of periodic solutions is given in Section . We conclude with an example.
Preliminaries
In this section we introduce some basic notions that will be used in the rest of the paper. P T denotes the set of T-periodic functions u : R → R satisfying u(t + T) = u(t) for all t ∈ R; C T = {u ∈ P T ; u is continuous}. For u ∈ C T we denote its norm by
Lebesgue space of measurable functions u :
for u ∈ L p we define its norm by
We consider the Sobolev space H  T = {u : R → R; u is absolutely continuous, u ∈ L  , and 
implies that, on E, we can obtain the equivalent norm
Also, for u ∈ E we have
It is easy to see that a T-periodic solution of (.), (.) with zero mean value must be a nonconstant T-periodic solution of (.), (.). 
Main result
We consider the impulsive second-order periodic boundary value problem,
under the following assumptions: Proof To prove this result, we rely on a variational method. In order to study problem (.), we consider the following modified problem:
where f r : [, T] × R → R is the truncation function defined for r ∈ (, ] by
f r is a negative, continuous, and T-periodic function in t, which satisfies (H)(iii). Let Due to the jump discontinuities of u at each t j , j = , , . . . , p -, and since v is T-periodic and u () -u (T) = , the first term of (.) becomes
Combining the above with (.) we obtain
As a result, we introduce the concept of a weak solution for problem (.). We say that a function u is a weak solution of problem (.) if (.) holds for any v ∈ H  T . Hence, we define the energy functional r : H  T → R, associated to (.) by
Clearly, r is well defined on H  T . Combining the weak lower semicontinuity of the L  -norm and Fatou's lemma we infer that r is weakly lower semi continuous, by means of the assumptions (H)(i), (H). Also, it is a differentiable functional whose derivative is the functional r (u), given by
Obviously, from (.), if u ∈ H  T is a critical point of the functional r , then u is a weak solution of problem (.). So, to obtain nonconstant weak solutions, it is sufficient to prove the existence of critical points of r , on the weakly closed subspace E of H  T . Now, we claim that r is coercive on E. Indeed, the assumption (H)(iii), implies that, for all ε ∈ (, min(, π  T  )), there exists δ ε >  such that, for almost every t ∈ [, T], we have
whenever |u| > δ ε . Using (.), (.), and (H)(iii) we obtain for all u ∈ R and a.e t ∈ [, T]
where
Thus, for u ∈ E, by (H) and the previous inequalities we obtain
So, r (u) → +∞ as u → +∞, which shows that r is coercive on E. Since E is a weakly closed subspace of H  T , using the direct method of the calculus of variations, we see that there exists u * ∈ E such that
Notice that by (H)(i) and (H)(i), we have
dt, so that the function u ≡  cannot be a solution of (.). Hence u * is a nontrivial solution of (.).
In the following, we shall show that u * is a solution of (.). For this purpose we introduce the following auxiliary result.
Lemma  There exist r  ∈ (, ) and a constant β  >  such that each solution u of (.) satisfies r  ≤ u(t) ≤ β  , for all t. In particular, any T-periodic solution of (.) is a solution of (.).
Proof Here, we shall use some ideas from [] .
We proceed by contradiction. Suppose, on the contrary, that, for each r ∈ (, ) and for each constant β > , there exists a T-periodic solution u of (.) which satisfies
(.)
In particular, if for each integer n >  we consider r n =  n and β = n, the above assumption implies that there exists a solution u n of (.) for r = r n such that
We will show that this assumption leads to a contradiction. First, we claim that for every n >  there must exist τ n ∈ [, T] such that
Indeed, suppose on the contrary that there exists a subsequence of (u n ) n , which we label the same, for which min u n (t) > n. It follows from (H)(iii) and the Fatou lemma that
which leads to
This is a contradiction to (H)(ii). Similarly, we will arrive at a contradiction with (H), if we assume that max u n <  n . In fact, by the Fatou lemma we have
This contradicts the assumption that I j is bounded.
Next, we show that u n is bounded from above. Since for all n > , u n is a T-periodic solution of (.), r (u n ) = . Hence for all v ∈ H  T and for all n >  we have, for all ε,  < ε < ,
Taking v(t) ≡ - in the above inequality, we obtain
Now, from the above inequality, we get for all n > 
Also, taking v = u n in (.), we obtain
Thus (.) implies that
Wirtinger's inequality (.) combined with (.) gives, for all n > ,
We deduce that, for n > ,
Notice that β  is independent of n.
Consequently, for n sufficiently large (n > β), for all t ∈ [, T], we have u n (t) ≤ n. Furthermore, we cannot have u n (t) ≥ 
